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Abstract
In this paper we characterize subclasses of co-graphs deﬁned by restricted NLC-width operations and subclasses of co-graphs
deﬁned by restricted clique-width operations.
We show that a graph has NLCT-width 1 if and only if it is (C4, P4)-free. Since (C4, P4)-free graphs are exactly trivially perfect
graphs, the set of graphs of NLCT-width 1 is equal to the set of trivially perfect graphs, and a recursive deﬁnition for trivially perfect
graphs follows. Further we show that a graph has linear NLC-width 1 if and only if is (C4, P4, 2K2)-free. This implies that the set
of graphs of linear NLC-width 1 is equal to the set of threshold graphs.
We also give forbidden induced subgraph characterizations for co-graphs deﬁned by restricted clique-width operations using P4,
2K2, and co-2P3.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The NLC-width of a graph is deﬁned by a composition mechanism for vertex-labeled graphs [19]. The operations
are the union of two graphs in which edges can be inserted speciﬁed by a set of label pairs, and the relabeling of vertices.
The NLC-width of a graph G is the minimum number of labels needed to deﬁne it. A similar concept which is called
clique-width was deﬁned by Courcelle and Olariu [7]. NLC-width and clique-width bounded graphs are particularly
interesting from an algorithmic point of view. A lot of NP-complete graph problems can be solved in polynomial
time for graphs of bounded NLC-width. For example, all graph properties which are expressible in monadic second
order logic with quantiﬁcations over vertices and vertex sets (MSO1-logic) are decidable in linear time on NLC-width
bounded graphs if a corresponding decomposition for the graph is given as an input [6]. Recently, Oum and Seymour
have shown that such a decomposition can be found in polynomial time [17]. Furthermore, there are also a lot of NP-
complete graph problems which are not expressible in extended MSO1-logic like Hamiltonicity, partition problems,
and bounded degree subgraph problems but which can also be solved in polynomial time on NLC-width bounded
graphs [19,8,15,10].
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The computation of the NLC-width of a given graph has shown to be NP-complete [11]. The recognition problem
for graphs NLC-width at most k is still open for any ﬁxed k3. NLC-width of at most 2 is decidable in polynomial
time [14]. Graphs of NLC-width 1 are co-graphs, i.e. P4-free, and thus recognizable in linear time [5,19].
In this paper we characterize graphs deﬁned by NLC-width expressions using restricted operations. A graph has
linear NLC-width at most k if it can be deﬁned by an NLC-width k-expression in that at least one argument of every
union operation deﬁnes a single-labeled vertex [12].An extended form of linear NLC-width is the NLCT-width [19,12],
where additionally the disjoint union of two deﬁned graphs is permitted as an operation.
We show that the set of all graphs of NLCT-width 1 is equal to the set of (C4, P4)-free graphs and thus is equal to
the set of trivially perfect graphs. Further we show that set of all graphs of linear NLC-width 1 is equal to the set of all
(C4, P4, 2K2)-free graphs, and thus equal to the set of threshold graphs.
Our results imply recursive characterizations of trivially perfect graphs and threshold graphs and that graphs of
NLCT-width 1 and graphs of linear NLC-width 1 can be recognized in linear time.
Furthermore, we give forbidden induced subgraph characterizations for co-graphs deﬁned by restricted clique-width
operations using the graphs P4, 2K2, and co-2P3.
2. Preliminaries
Let [k] := {1, . . . , k} be the set of all integers between 1 and k. We work with ﬁnite undirected labeled graphs
G = (VG,EG, labG), where VG is a ﬁnite set of vertices labeled by some mapping labG : V → [k] and EG ⊆
{{u, v} |u, v ∈ VG, u = v} is a ﬁnite set of edges. A labeled graph J = (VJ , EJ , labJ ) is a subgraph of G if VJ ⊆ VG,
EJ ⊆ EG and labJ (u) = labG(u) for all u ∈ VJ . J is an induced subgraph of G if additionally EJ = {{u, v} ∈
EG |u, v ∈ VJ }. The labeled graph consisting of a single vertex labeled by a ∈ [k] is denoted by •a . For a set of graphs
F we denote byF-free graphs the set of all graphs that do not contain a graph ofF as an induced subgraph. For a
graph G we denote by co-G the corresponding edge complement graph.
The notion of NLC-width1 of labeled graphs is deﬁned by Wanke in [19].
Deﬁnition 1 (NLCk , NLC-width; Wanke [19]). The graph class NLCk of labeled graphs is recursively deﬁned as
follows:
1. The single vertex graph •a for some a ∈ [k] is in NLCk .
2. Let G = (VG,EG, labG) ∈ NLCk and J = (VJ , EJ , labJ ) ∈ NLCk be two vertex disjoint labeled graphs and
S ⊆ [k]2 be a relation, then G×SJ := (V ′, E′, lab′) deﬁned by V ′ := VG ∪ VJ ,
E′ := EG ∪ EJ ∪ {{u, v} |u ∈ VG, v ∈ VJ , (labG(u), labJ (v)) ∈ S}
and
lab′(u) :=
{
labG(u) if u ∈ VG
labJ (u) if u ∈ VJ ∀u ∈ V
′
is in NLCk .
3. LetG=(VG,EG, labG) ∈ NLCk be a labeled graph andR : [k] → [k] be a function, then ◦R(G) := (VG,EG, lab′)
deﬁned by lab′(u) := R(labG(u)), ∀u ∈ VG is in NLCk .
The NLC-width of a labeled graph G is the least integer k such that G ∈ NLCk .
Graphs of NLC-width 1 are characterized as follows.
1 The abbreviation NLC results from the node label controlled embedding mechanism originally deﬁned for graph grammars.
F. Gurski /Discrete Mathematics 306 (2006) 271–277 273
Theorem 2 (Wanke [19], Sumner [18], Corneil et al. [4]). For every graph G the following statements are
equivalent.
(1) G has NLC-width 1.
(2) G does not contain a P4 as induced subgraph.
(3) G is a co-graph.
The operations of NLCT-width are deﬁned in [19,12] as a restriction of the operations of NLC-width. The only
differenceNLC-width andNLCT-width operations is that the union operation (×S-operation) ofNLCT-width prescribes
that at least one of the involved graphs consists of a single vertex if S is not empty.
Deﬁnition 3 (NLCTk , NLCT-width; Gurski and Wanke [12]). The graph class NLCTk of labeled graphs is recursively
deﬁned as follows:
1. The single vertex graph •a for some a ∈ [k] is in NLCTk .
2. LetG=(VG,EG, labG) ∈ NLCTk and J =(VJ , EJ , labJ ) ∈ NLCTk be two vertex disjoint labeled graphs, S ⊆ [k]2
be a relation, and a ∈ [k], then
(a) G×∅J is in NLCTk and
(b) G×S•a is in NLCTk .
3. Let G = (VG,EG, labG) ∈ NLCTk be a labeled graph and R : [k] → [k] be a function, then ◦R(G) is in NLCTk .
The NLCT-width of a labeled graph G is the least integer k such that G ∈ NLCTk .
A further restriction of NLC-width and NLCT-width operations yields to the deﬁnition of linear NLC-width.A graph
G has linear NLC-width at most k if it can be deﬁned by an NLC-width k-expression in that at least one argument of
every operation ×S deﬁnes a single labeled vertex.
Deﬁnition 4 (lin-NLCk , linear NLC-width; Gurski and Wanke [12]). The graph class lin-NLCk of labeled graphs is
recursively deﬁned as follows:
1. The single vertex graph •a for some a ∈ [k] is in lin-NLCk .
2. Let G = (VG,EG, labG) ∈ lin-NLCk be a labeled graph, S ⊆ [k]2 be a relation, and a ∈ [k], then G×S•a is in
lin-NLCk .
3. LetG=(VG,EG, labG) ∈ lin-NLCk be a labeled graph andR : [k] → [k] be a function, then ◦R(G) is in lin-NLCk .
The linear NLC-width of a labeled graph G is the least integer k such that G ∈ lin-NLCk .
An expression X built with the operations •a,×S, ◦R for a ∈ [k], S ⊆ [k]2, and R : [k] → [k] according to
Deﬁnitions 1, 3, or 4 is called an NLC-width k-expression, NLCT-width k-expression, or linear NLC-width k-expression,
respectively.
The NLC-width (NLCT-width, linear NLC-width) of an unlabeled graph G = (V ,E) is the smallest integer k, such
that there is some mapping lab : V → [k] such that the labeled graph (V ,E, lab) has NLC-width (NLCT-width, linear
NLC-width) at most k. The graph deﬁned by expression X is denoted by val(X).
By the deﬁnition of k-expressions it is easy to verify that graphs of bounded NLC-width, graphs of bounded NLCT-
width, and graphs of bounded linear NLC-width are closed under taking induced subgraphs.
For example, any path Pn=({v1, . . . , vn}, {{v1, v2}, . . . , {vn−1, vn}}) has linear NLC-width at most 3, this can easily
be shown by the following expressions XPn :
XP3 = (•1×{(1,2)}•2)×{(2,3)}•3,
XPn = ◦{(1,1),(2,1),(3,2)}(XPn−1)×{(2,3)}•3, n4.
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Table 1
Special graphs
P4 C4 2K2 2P3
Further results on graph classes of bounded linearNLC-width or boundedNLCT-width and corresponding restrictions
for the operations of clique-width can be found in [12].
Characterizing graphs of bounded NLC-width, graphs of bounded NLCT-width, and graphs of bounded linear NLC-
width is a long open problem. Our main results will show that graphs of linear NLC-width 1 and graphs of NLCT-width
1 can be characterized by forbidden induced subgraphs using the graphs shown in Table 1 and that both graph classes
turn out to be well known.
3. Characterizations for graphs of NLCT-width 1
In this section we show that the set of all graphs of NLCT-width 1 is exactly the set of all (C4, P4)-free graphs and
thus equal to the set of trivially perfect graphs. Trivially perfect graphs are deﬁned by Golumbic in [9] as follows. A
graph G is trivially perfect if for every induced subgraph H of G,
(H) = |C(H)|,
where (H) is the size of the largest independent set in H and C(H) is the set of all maximal cliques in H.
Theorem 5. For every graph G the following statements are equivalent.
(1) G has NLCT-width 1.
(2) G contains no C4 and no P4 as induced subgraph.
(3) G is trivially perfect.
Proof.
(1) ⇒ (2) GraphsC4 andP4 haveNLCT-width> 1. IfGwould contain one of these two graphs as an induced subgraph,
then NLCT-width(G)> 1, since graphs of NLCT-width 1 are closed under taking induced subgraphs.
(2) ⇒ (1) SinceG does not contain aP4 as an induced subgraphwe knowbyTheorem2 thatG is a co-graph.Thus, there
is an NLC-width 1-expression X deﬁning G. Since a relabeling for one label is not useful, the subexpressions
of anNLC-width 1-expressions are of the following three types •1,X1×∅X2, andX1×{(1,1)}X2. The ﬁrst two
subexpressions are also feasible for an NLCT-width 1-expression. LetX′=X1×{(1,1)}X2 be a subexpression
of X. Since val(X) contains no C4 as an induced subgraph either val(X1) or val(X2) deﬁnes a clique. Let
us assume that val(X2) deﬁnes a clique of n2 vertices. This allows us to modify X′ as follows
X′′ = (. . . (X1×{(1,1)} •1) . . .×{(1,1)}•1︸ ︷︷ ︸
n2 vertices
).
Now X′′ deﬁnes the same graph as X′ and is a feasible NLCT-width 1-expression. This modiﬁcation can
be done for all subexpressions of X of the form X1×{(1,1)}X2, which leads an equivalent NLCT-width
1-expression for G.
(2) ⇔ (3) See [9]. 
For further characterizations of trivially perfect graphs see [20,1]. Trivially perfect graphs can be recognized in linear
time [9].
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Corollary 6. There exists a linear time algorithm that decides whether a given graph has NLCT-width 1, and in the
case of a positive answer, constructs an NLCT-width 1-expression.
4. Characterizations for graphs of linear NLC-width 1
In this section we show that the set of all graphs of linear NLC-width 1 is exactly the set of all (C4, P4, 2K2)-free
graphs and thus equal to the set of threshold graphs. Threshold graphs have been deﬁned by Chvátal and Hammer in
[2,3] as follows. A graph G = (V ,E) is a threshold graph, if there exist non-negative real numbers rv , v ∈ V , and t
such that
∑
u∈U
ru t ⇔ U ⊆ V is an independent set of G.
An independent set of some graph G = (V ,E) is a subset U of V such that there is no edge in G between two vertices
from U.
Theorem 7. For every graph G the following statements are equivalent.
(1) G has linear NLC-width 1.
(2) G contains no C4, no P4, and no 2K2 as induced subgraph.
(3) G is a threshold graph.
(4) G can be rewritten to the empty graph (∅,∅) using the following two rules
1. Remove a vertex which is connected to all other vertices of the graph.
2. Remove a vertex which is connected to none of the other vertices of the graph.
(5) G and its edge complement graph G are trivially perfect.
Proof.
(1) ⇒ (2) Graphs C4, P4, and 2K2 have linear NLC-width > 1.
(2) ⇒ (1) Since G is (C4, P4)-free we know by Theorem 5 that G has NLCT-width 1 and that there is an NLCT-width
1-expression X deﬁning G. Since a relabeling for one label is not useful, the subexpressions of NLCT-width
1-expressions are of the following three types •1, X1×{(1,1)}•1, and X1×∅X2. The ﬁrst two subexpressions
are also feasible for a linear NLC-width 1-expression. Let X′ = X1×∅X2 be a subexpression of X. Since
val(X) contains no 2K2 as an induced subgraph we know that val(X1) or val(X2) deﬁnes an independent
set. We assume that val(X2) deﬁnes an independent set of n2 vertices. We can modify X′ as follows:
X′′ = (. . . (X1×∅ •1) . . .×∅•1︸ ︷︷ ︸
n2 vertices
).
Now X′′ deﬁnes the same graph as X′ and is a feasible linear NLC-width 1-expression. This modiﬁcation
can be done for all subexpressions of X of the form X1×∅X2, which leads an equivalent linear NLC-width
1-expression for G.
(2) ⇔ (3) See [2,3].
(1) ⇔ (4) By the deﬁnition of linear NLC-width for k = 1.
(3) ⇔ (5) See [9]. 
A lot of further results on threshold graphs can be found in [16,1]. Threshold graphs can be recognized in linear time
[2,13].
Corollary 8. There exists a linear time algorithm that decides whether a given graph has linear NLC-width 1, and in
the case of a positive answer, constructs a linear NLC-width 1-expression.
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5. Characterizations for co-graphs deﬁned by restricted clique-width operations
The linear clique-width and clique-tree-width of a graph are deﬁned in [12] by restrictions of clique-width operations,
analogical to the deﬁnition of the linearNLC-width andNLCT-width of a graph by restrictions ofNLC-width operations.
Since graphs of clique-width 2 are exactly co-graphs [7], graphs of linear clique-width 2 and graphs of clique-tree-
width 2 deﬁne subclasses of co-graphs. Both classes also can be deﬁned by forbidden induced subgraphs using similar
arguments as in the proofs of Theorems 5 and 7 and the following main ideas.
It is easy to verify that graph co-2P3 has clique-tree-width > 2. Further it is obvious that P3-free graphs consist of a
disjoint union of complete graphs which implies that co-P3-free graphs are complete multipartite graphs. Thus, given
a co-graph expression for a graph of clique-tree-width 2, for each join one of the involved graphs deﬁnes a complete
multipartite graph. It is easy to see that in this case the join can be substituted by a sequence of feasible clique-tree-width
2-operations.
Theorem 9. For every graph G the following statements are equivalent.
(1) G has clique-tree-width at most 2.
(2) G contains no P4 and no co-2P3 as induced subgraph.
Since graph 2K2 has linear clique-width > 2, the next result follows by Theorem 9 by a similar proof as given for
Theorem 7.
Theorem 10. For every graph G the following statements are equivalent.
(1) G has linear clique-width at most 2.
(2) G contains no P4, no co-2P3, and no 2K2 as induced subgraph.
Thus, also graphs of clique-tree-width at most 2 and graphs of linear clique-width at most 2 can be recognized in
polynomial time.
Corollary 11. There exist polynomial time algorithms that decide whether a given graph has linear clique-width at
most 2 or clique-tree-width at most 2, and in the case of a positive answer, construct a linear clique-width 2-expression
or a clique-tree-width 2-expression.
Comparing the characterizations for graphs deﬁned by restricted NLC-width 1-expressions and for graphs deﬁned
by restricted clique-width 2-expressions, we conclude that the results of Theorems 9 and 10 do not lead to any well
-known graph class as the results of Theorems 5 and 7 did. Nevertheless these results may be a starting point for ﬁnding
characterizations for graphs of clique-width at most k, k > 2, at least in the linear cases.
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